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Abstract. The next-to-next-to-leading order spin-squared interaction potential for generic
compact binaries is derived for the first time via the effective field theory for gravitating
spinning objects in the post-Newtonian scheme. The spin-squared sector is an intricate one,
as it requires the consideration of the point particle action beyond minimal coupling, and
mainly involves the spin-squared worldline couplings, which are quite complex, compared
to the worldline couplings from the minimal coupling part of the action. This sector also
involves the linear in spin couplings, as we go up in the nonlinearity of the interaction, and
in the loop order. Hence, there is an excessive increase in the number of Feynman diagrams,
of which more are higher loop ones. We provide all the Feynman diagrams and their values.
The beneficial “nonrelativistic gravitational” fields are employed in the computation. This
spin-squared correction, which enters at the fourth post-Newtonian order for rapidly rotating
compact objects, completes the conservative sector up to the fourth post-Newtonian accuracy.
The robustness of the effective field theory for gravitating spinning objects is shown here
once again, as demonstrated in a recent series of papers by the authors, which obtained all
spin dependent sectors, required up to the fourth post-Newtonian accuracy. The effective
field theory of spinning objects allows to directly obtain the equations of motion, and the
Hamiltonians, and these will be derived for the potential obtained here in a forthcoming
paper.
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1 Introduction
The anticipated direct detection of gravitational waves (GW) may become a realistic prospect
in view of the imminent worldwide operation of second-generation ground-based interferom-
eters, such as the two of Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3]. This will
transform GW science into a powerful observational tool. Inspiralling binaries of compact
objects are considered as most promising sources for the detection of the GW signal. The
post-Newtonian (PN) approximation of General Relativity stands out among the various and
complementary approaches to model these systems, as it enables to an analytical treatment
of the inspiral phase of their evolution [4]. Using the matched filtering technique to search the
GW signal results in a pressing demand to supply accurate theoretical waveforms, where the
continuous signal is modeled via the Effective-One-Body (EOB) approach [5]. It turns out
that even relative high order corrections beyond Newtonian gravity, such as up to the sixth
PN (6PN) order, are required to obtain such waveforms, and furthermore to gain information
about the inner structure of the constituents of the binary [6].
Of these compact objects black holes are expected to be near-extremal, i.e. to rotate
rapidly. Hence, considering the recent completion of the 4PN order point-mass correction
[7], it is essential to obtain the same PN accuracy for binaries with spinning objects. To
this end finite size effects with spins should also be taken into account. The leading order
(LO) finite size spin effects, which are of the LO spin-squared interaction at the quadrupole
level, and enter already at the 2PN order, were first derived for black holes in 1975 in [8],
see also [9]. Generic quadrupoles, required to describe neutron stars, were already included
in [9, 10], and the proportionality of the quadrupole to spin-squared was introduced in [11].
However, the next-to-leading order (NLO) spin-squared interaction was treated much later
in the following series of works [12–15], and in [16] within an effective field theory (EFT) for
spinning objects, which was formulated there. Furthermore, the LO cubic and quartic in spin
– 1 –
interactions, which enter at the 3.5PN and 4PN orders, respectively, were first approached
in parts for black hole binaries in [14, 17]. Recently, these have been obtained for generic
compact objects for the cubic in spin interaction in [18, 19], and also for the quartic in spin
interaction in [18], where the latter was using the EFT for spinning objects [16]. These have
been also partially treated in [20].
In this paper we derive the next-to-next-to-leading order (NNLO) spin-squared inter-
action potential via the EFT for gravitating spinning objects in the PN scheme [16]. The
NNLO level in the spin dependent case, which was already tackled using EFT techniques
in [21], was also obtained for the spin-orbit interaction at the 3.5PN order for rapidly ro-
tating compact objects [22]. The NNLO quadratic in spin potentials here and in [21] enter
at the 4PN order. The EFT for gravitating spinning objects [16] is based on the original
and innovative EFT approach for the binary inspiral, which was presented in [23, 24]. The
seminal works in [25, 26] treated spin in an action approach in special and general relativity,
respectively, and an extension of EFT techniques to the spinning case was approached in
[27], which later adopted a Routhian approach from [28]. The EFT for gravitating spinning
objects [16] however actually obtains an effective action at the orbital scale by integrating
out all the field modes below this scale, and enables the relation to physical observables.
That is, the line of work in [12, 27] leaves the temporal components of the spin tensor in the
final results, which must be eliminated in order to obtain, e.g. the gauge invariant binding
energy, while these components depend on field modes at the orbital scale. We show here the
robustness of the EFT for gravitating spinning objects [16], as was already demonstrated in
[16, 18, 22], and allows to obtain straightforwardly the physical EOM [16, 29], as well as the
Hamiltonians from the effective action [16]. Indeed, from the potential, which we obtain here,
we derive the EOM and corresponding NNLO spin-squared Hamiltonian in a forthcoming
paper.
The spin-squared sector is an intricate one, all the more so considering its LO and NLO
levels [16], compared to the NNLO here. This sector requires the consideration of the point
particle action beyond minimal coupling, and involves mainly contributions with the spin-
squared worldline couplings, which are quite complex, compared to the worldline couplings,
that follow from the minimal coupling part of the action. Yet, we also have contributions
to this sector, involving the linear in spin couplings, as we go up in the nonlinearity of the
interaction, and in the loop order. Thus, there is an increase in the number of Feynman
diagrams and in complexity with respect to the NLO, which is even more excessive than
that, which occurs in the spin1-spin2 sector [16, 21, 30]. We have here 64 diagrams, of which
more are higher loop ones, where we have 11 two-loops, and tensor integrals up to order
6. However, the application of the “nonrelativistic gravitational” (NRG) fields [31, 32] in
the spinning case, as demonstrated in [16, 18, 21, 22, 30, 33], makes the computations more
efficient. This ingredient is actually included together with other beneficial gauge choices
in the EFT for gravitating spinning objects [16]. Finally, the EFT computations are also
automatized here, using the xAct free packages for Mathematica [34, 35].
This paper is organized as follows. In section 2 we recall the required effective action
beyond minimal coupling, following the EFT for gravitating spinning objects[16], and provide
the Feynman rules relevant for this sector. In section 3 we provide the Feynman diagrams of
the NNLO spin-squared interaction, and their values. In section 4 we introduce the NNLO
spin-squared potential, and explain how to obtain from it the EOM,and the Hamiltonian.
Finally, our conclusions are presented in 5.
– 2 –
2 The EFT for gravitating spinning objects in the PN scheme
In this section we briefly review the effective action, which should be considered in this sector
beyond minimal coupling, following the EFT for spinning objects, which was formulated in
[16]. From this action the Feynman rules, which are required for the EFT computation
of the NNLO spin-squared interaction, are derived. We build on the series of works in
[16, 18, 21, 22, 29, 30, 33], where we follow similar notations and conventions, in particular,
to those in [16, 18, 22]. We also use the “NRG” fields, which were already shown to perform
well in spin dependent sectors in [16, 18, 21, 22, 30, 33]. Similarly, in what follows d is set
to 3, as only the dependence in the generic d dimensional, related with the loop Feynman
integrals, see appendix A in [21], should be followed.
Let us first write the approximate metric in terms of the “NRG” fields to the orders
required in this work:
gµν =
(
e2φ −e2φAj
−e2φAi −e−2φγij + e2φAiAj
)
≃
(
1 + 2φ+ 2φ2 + 43φ
3 −Aj − 2Ajφ
−Ai − 2Aiφ −δij + 2φδij − σij − 2φ2δij + 2φσij +AiAj + 43φ3δij
)
.
(2.1)
The effective action for the binary system reads
S = Sg +
2∑
I=1
S(I)pp, (2.2)
where Sg is the pure gravitational action, and S(I)pp is the worldline point particle action for
each of the two components of the binary. The gravitational action comprises the Einstein-
Hilbert action plus the harmonic gauge-fixing term, that is
Sg = SEH + SGF = −
1
16πG
∫
d4x
√
g R+
1
32πG
∫
d4x
√
g gµνΓ
µΓν , (2.3)
where Γµ ≡ Γµρσgρσ .
From the gravitational action the propagators, and the self-gravitational vertices are
derived. The “NRG” scalar, vector, and tensor field propagators, and the corresponding
time dependent propagator vertices can be found, e.g., in section 2 of [22].
As for the three-graviton vertices, required for the NNLO of the spin-squared interaction,
they are similar to those, required in [22], except for the following vertex:
=
1
16πG
∫
d4x (2σij∂iφ∂jφ− σjj∂iφ∂iφ) , (2.4)
in which only the stationary part of the vertex is required here, unlike in the NNLO spin-orbit
sector, where its time dependence should be included [22].
Also, the only four-graviton vertex, required at the NNLO level, is the stationary one,
which is found in [21, 22].
We proceed to the point particle action of each of the spinning objects. The minimal
coupling part of the covariant action, which is also invariant under rotational variables gauge
– 3 –
transformations reads [16]
Spp =
∫
dλ
[
−m
√
u2 − 1
2
SˆµνΩˆ
µν − Sˆ
µνpν
p2
Dpµ
Dλ
]
, (2.5)
with the affine parameter λ, parametrized here as the coordinate time, i.e. λ = t = x0, the
4-velocity uµ ≡ dxµ/dλ, and the generic angular velocity and spin variables of the object
Ωˆµν , Sˆµν , respectively [16]. Notice that henceforth we drop the hat notation on the rotational
variables.
Yet, in the spin-squared interaction, we consider finite size effects of the objects, i.e. also
the nonminimal coupling part of the action. Therefore, the action in eq. (2.5) should be
supplemented here with its spin-induced part, which is quadratic in the spin [16]. From
the symmetry considerations outlined in [16], in particular parity invariance, which holds for
macroscopic objects in General Relativity, and the SO(3) invariance of the body-fixed spatial
triad, it follows that the only such operator, which appears in the action [16], is given by
LES2 =−
CES2
2m
Eµν√
u2
SµSν , (2.6)
where we have here the Wilson coefficient CES2, that is the quadrupolar deformation constant
due to spin from [11], and similarly introduced in [12]. This coefficient equals unity in
the black hole case. This LO nonminimal coupling for the spin-induced quadrupole, which
also contributes the LO finite size effects, is the only operator, which contributes to the
conservative spin-squared sector. We expect then to have in the spin-squared interaction
both contributions from spin-squared couplings from eq. (2.6), and from nonlinear effects
of the linear in spin couplings, which arise from the minimal coupling part of the action in
eq. (2.5), that would play a smaller role in the interaction. The mass couplings also play a
smaller role in this interaction.
We begin then with the mass couplings, where we present their expansion in the velocity,
to the order required here. The one-graviton couplings to the worldline mass read
= −m
∫
dt φ
[
1 +
3
2
v2 +
7
8
v4 + · · ·
]
, (2.7)
= m
∫
dt Aiv
i
[
1 +
1
2
v2 + · · ·
]
, (2.8)
=
1
2
m
∫
dt σijv
ivj [1 + · · · ] . (2.9)
with similar notations as in, e.g., [22].
The two-graviton mass couplings, required here, read
= −1
2
m
∫
dt φ2
[
1− 9
2
v2 + · · ·
]
, (2.10)
– 4 –
= m
∫
dt φAiv
i
[
1 + · · ·
]
. (2.11)
The three-graviton mass coupling, that is require here, reads
= −1
6
m
∫
dt φ3 [1 + · · · ] . (2.12)
Next, we consider the spin couplings, required for this sector, given in the canonical
gauge [16]. Yet, we recall the kinematic terms, which involve spin with no field coupling [16],
to the order required here
Lkin = −~S · ~Ω+
1
2
~S · ~v × ~a
(
1 +
3
4
v2
)
, (2.13)
with similar notations as in [22].
Then, the one-graviton linear in spin couplings, required in this work, read
=
∫
dt ǫijkSk
(
1
2
∂iAj +
3
4
vivl (∂lAj − ∂jAl) + vi∂tAj
)
, (2.14)
=
∫
dt 2ǫijkSkv
i∂jφ, (2.15)
=
∫
dt
1
2
ǫijkSkv
l∂iσjl, (2.16)
with similar notations as in [22].
The two-graviton spin coupling, which we require here, reads
=
∫
dt 2ǫijkSk∂iAjφ. (2.17)
Finally, we turn to the spin-squared couplings from eq. (2.6), which play the major role
in this interaction.
The one-graviton spin-squared couplings read
=
∫
dt
CES2
2m
[
SiSj
(
∂i∂jφ
(
1 +
3
2
v2 +
7
8
v4
)
− 3∂i∂kφ vjvk
(
1− 7
12
v2
)
−2∂t∂iφ vj +
1
4
∂k∂lφ v
ivjvkvl − ∂t∂kφ vivjvk − ∂2t φ vivj
)
− S2
(
∂i∂iφ
(
1 +
3
2
v2 +
7
8
v4
)
− ∂i∂jφ vivj
(
1− 5
2
v2
)
– 5 –
+2∂t∂iφ v
i
(
1 +
3
2
v2
)
+ 2∂2t φ
(
1 + v2
))]
, (2.18)
=
∫
dt − CES2
2m
[
SiSj
((
∂i∂jAkv
k − ∂i∂kAjvk − ∂t∂iAj
)(
1 +
1
2
v2
)
+
1
2
(
∂k (∂lAi − ∂iAl) vjvkvl + ∂t (∂iAk + ∂kAi) vjvk
))
−S2
((
∂i∂iAkv
k − ∂i∂jAivj − ∂t∂iAi
)(
1 +
1
2
v2
)
+ ∂t∂iAjv
ivj
)]
,
(2.19)
=
∫
dt − CES2
4m
[
SiSj
(
∂i∂jσklv
kvl + ∂k∂lσijv
kvl − 2∂i∂kσjlvkvl
−2∂t∂iσjkvk + 2∂t∂kσijvk + ∂2t σij
)
− S2
(
∂k∂kσijv
ivj + ∂i∂jσkkv
ivj − 2∂i∂jσikvjvk
−2∂t∂iσijvj + 2∂t∂iσjjvi + ∂2t σii
)]
, (2.20)
where the black square boxes represent the spin-squared operator on the worldlines, as in
[16, 18].
The two-graviton spin-squared couplings, which are required here, read
=
∫
dt
CES2
2m
[
SiSj
(
3∂iφ∂jφ
(
1 +
5
6
v2
)
− 5∂iφ∂kφ vjvk + 2 (∂kφ)2 vivj
+2∂tφ∂iφ v
j + 3φ∂i∂jφ
(
1− 1
2
v2
)
+ 3φ∂i∂kφ v
jvk + 2φ∂t∂iφ v
j
)
− S2
(
(∂iφ)
2
(
1 +
3
2
v2
)
− 3∂iφ∂jφ vivj − 2∂tφ∂iφ vi − 4 (∂tφ)2
+3φ∂i∂iφ
(
1− 1
2
v2
)
+ φ∂i∂jφ v
ivj − 2φ∂t∂iφ vi − 2φ∂2t φ
)]
,
(2.21)
=
∫
dt − CES2
2m
[
SiSj
(
∂i∂jφAkv
k − 2∂t∂iφAj − 6∂iφ∂jAkvk − 6∂iφ∂kAjvk
− ∂kφ∂iAk vj + ∂kφ∂kAi vj − ∂tφ∂iAj − 4∂iφ∂tAj
+3φ∂i∂jAkv
k − 3φ∂i∂kAjvk − 3φ∂t∂iAj
)
+ S2
(
2∂t∂iφAi − ∂k∂kφAlvl + 7∂iφ∂iAjvj + 5∂iφ∂jAivj + ∂tφ∂iAi
+2∂iφ∂tAi − 3φ∂k∂kAlvl + 3φ∂i∂jAivj + 3φ∂t∂iAi
)]
,
(2.22)
– 6 –
=∫
dt − CES2
2m
[
SiSj
(
σik∂j∂kφ+ ∂kφ
(
∂iσjk −
1
2
∂kσij
))
−S2
(
σij∂i∂jφ+ ∂iφ
(
∂jσij −
1
2
∂iσjj
))]
, (2.23)
=
∫
dt
CES2
8m
[
SiSj (∂kAi∂kAj + ∂iAk∂jAk − 2∂iAk∂kAj)
−2S2
(
(∂iAj)
2 − ∂iAj∂jAi
)]
. (2.24)
Finally, the required three-graviton spin-squared coupling reads
=
∫
dt
3CES2
2m
[
3SiSj
(
φ∂iφ∂jφ+
1
2
φ2 ∂i ∂jφ
)
− S2
(
φ (∂iφ)
2 +
3
2
φ2∂i∂iφ
)]
.
(2.25)
Note the complexity of the spin-squared couplings with respect to the other worldline
couplings.
3 Next-to-next-to-leading order spin-squared interaction
In this section we present the perturbative expansion of the NNLO spin-squared two-body
effective action in terms of Feynman diagrams, and we provide the value for each diagram.
At the NNLO level, which is up to order G3, the classification of the Feynman diagrams is
similar to that in [21, 22], as can be seen in figures 1-6 below. There is a total of 64 diagrams,
which make up the NNLO spin-squared interaction. We note that whereas the linear inter-
action involves exclusively the spin-squared couplings, as we go up in the nonlinearity of the
interaction, that is in the loop order, but even at the two-graviton exchange diagrams, we
start to have more diagrams, which involve the linear in spin couplings. Lastly, we also have
take into account higher order time derivatives, which appear in the 2PN order [36], and in
up to NLO spin-orbit, and spin-squared [16] sectors. We refer the reader to [21, 22, 33] for
further details on the generation of the Feynman diagrams from the Feynman rules, and the
evaluation of such Feynman diagrams. In particular, we also refer to [22] for the conventions
and notations, used here.
3.1 One-graviton exchange
There are 6 one-graviton exchange diagrams in this sector, which can be seen in figure 1. We
note that all diagrams here involve only the spin-squared couplings, and add up to the ones,
which already entered in the NLO spin-squared sector [16]. Here we require tensor Fourier
integrals of up to order 6 as in [21], see appendix A. Our treatment of time derivatives, and
higher order time derivative terms is similar to that in [16, 22, 29].
These diagrams are evaluated by:
Fig. 1(a1) =
GC1ES2m2
2m1r3
[
S21 − 3(~S1 · ~n)2
]
+
GC1ES2m2
4m1r3
[
5S21v
2
1 + 3S
2
1v
2
2 − 2(~S1 · ~v1)2
– 7 –
(a1) (a2) (a3) (b1) (b2) (c)
Figure 1. NNLO spin-squared one-graviton exchange Feynman diagrams.
+ 6~S1 · ~n~v1 · ~n~S1 · ~v1 − 9v21(~S1 · ~n)2 − 9v22(~S1 · ~n)2 − 6S21(~v1 · ~n)2
]
+
GC1ES2m2
m1r2
~S1 · ~a1~S1 · ~n−
GC1ES2m2
m1r2
[
2~S1 · ~˙S1~v1 · ~n− ~˙S1 · ~n~S1 · ~v1
− ~S1 · ~n~˙S1 · ~v1
]
+
GC1ES2m2
m1r
S¨21 +
GC1ES2m2
16m1r3
[
30S21v
2
1v
2
2 − 12v21(~S1 · ~v1)2
− 12v22(~S1 · ~v1)2 + 19S21v41 + 7S21v42 + 42~S1 · ~n~v1 · ~n~S1 · ~v1v21
+ 36~S1 · ~n~v1 · ~n~S1 · ~v1v22 − 54v21v22(~S1 · ~n)2 − 6(~v1 · ~n)2(~S1 · ~v1)2
− 36S21v21(~v1 · ~n)2 − 36S21v22(~v1 · ~n)2 − 21(~S1 · ~n)2v41 − 21(~S1 · ~n)2v42
]
+
GC1ES2m2
2m1r2
[
S21v
2
1~a1 · ~n− 2~v1 · ~n~S1 · ~v1~S1 · ~a1 + 2S21~v1 · ~n~v1 · ~a1
+ 3~S1 · ~n~S1 · ~a1v22
]
− GC1ES2m2
2m1r2
[
2~v1 · ~n~S1 · ~v1 ~˙S1 · ~v1 − 2~S1 · ~˙S1~v1 · ~nv21
+ 6~S1 · ~˙S1~v1 · ~nv22 − 3 ~˙S1 · ~n~S1 · ~v1v22 − 3~S1 · ~n~˙S1 · ~v1v22
]
+
GC1ES2m2
2m1r
[
2~S1 · ~v1~S1 · ~˙a1 +
(
2~S1 · ~v1 ~¨S1 · ~v1 − 2~S1 · ~¨S1v21 + v21S¨21 + 3v22S¨21
)
+ 2(~S1 · ~a1)2 + 4
(
~˙S1 · ~v1~S1 · ~a1 + ~S1 · ~v1 ~˙S1 · ~a1 − 2~S1 · ~˙S1~v1 · ~a1 + ~v1 · ~a1S˙21
)
− 2
(
S˙21v
2
1 − ( ~˙S1 · ~v1)2
)]
(3.1)
Fig. 1(a2) =
GC1ES2m2
4m1r3
[
2~S1 · ~v1~S1 · ~v2 − S21~v1 · ~v2 + 3S21~v1 · ~n~v2 · ~n− 6~S1 · ~n~S1 · ~v1~v2 · ~n
− 6~S1 · ~n~v1 · ~n~S1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2 + 15~v1 · ~n~v2 · ~n(~S1 · ~n)2
]
− GC1ES2m2
2m1r2
[
~S1 · ~˙S1~v2 · ~n− ~˙S1 · ~n~S1 · ~v2 − ~S1 · ~n~˙S1 · ~v2 + 3~S1 · ~n~˙S1 · ~n~v2 · ~n
]
+
GC1ES2m2
8m1r3
[
4~S1 · ~v1v21 ~S1 · ~v2 + 3S21v21~v1 · ~v2 + 6~S1 · ~v1~S1 · ~v2v22 − 3S21~v1 · ~v2v22
− 4~v1 · ~v2(~S1 · ~v1)2 − 9S21~v1 · ~nv21~v2 · ~n− 12~S1 · ~n~S1 · ~v1v21~v2 · ~n
− 18~S1 · ~n~v1 · ~nv21 ~S1 · ~v2 + 12~S1 · ~n~v1 · ~n~S1 · ~v1~v1 · ~v2 + 9S21~v1 · ~n~v2 · ~nv22
− 18~S1 · ~n~S1 · ~v1~v2 · ~nv22 − 18~S1 · ~n~v1 · ~n~S1 · ~v2v22 − 9v21~v1 · ~v2(~S1 · ~n)2
− 9~v1 · ~v2v22(~S1 · ~n)2 + 12~v1 · ~n~v2 · ~n(~S1 · ~v1)2 + 6~S1 · ~v1~S1 · ~v2(~v1 · ~n)2
− 18S21~v1 · ~v2(~v1 · ~n)2 + 45~v1 · ~nv21~v2 · ~n(~S1 · ~n)2 + 45~v1 · ~n~v2 · ~nv22(~S1 · ~n)2
– 8 –
+ 30S21~v2 · ~n(~v1 · ~n)3 − 30~S1 · ~n~S1 · ~v1~v2 · ~n(~v1 · ~n)2
]
− GC1ES2m2
4m1r2
[
S21~v1 · ~a1~v2 · ~n+ ~S1 · ~v1~a1 · ~n~S1 · ~v2 − ~v1 · ~n~S1 · ~a1~S1 · ~v2
− 6~S1 · ~n~v1 · ~a1~S1 · ~v2 − 2S21~a1 · ~n~v1 · ~v2 − ~S1 · ~n~S1 · ~a1~v1 · ~v2 − 2S21~v1 · ~n~a1 · ~v2
+ ~S1 · ~n~S1 · ~v1~a1 · ~v2 − 3S21~v1 · ~n~v2 · ~a2 + 6~S1 · ~n~S1 · ~v1~v2 · ~a2
+ 6S21~v1 · ~n~a1 · ~n~v2 · ~n− 3~S1 · ~n~S1 · ~v1~a1 · ~n~v2 · ~n+ 3~S1 · ~n~v1 · ~n~S1 · ~a1~v2 · ~n
+ 9~v1 · ~a1~v2 · ~n(~S1 · ~n)2 − 9~v1 · ~n~v2 · ~a2(~S1 · ~n)2
]
+
GC1ES2m2
4m1r2
[
2~S1 · ~v1 ~˙S1 · ~v1~v2 · ~n− 5~S1 · ~˙S1v21~v2 · ~n+ ~v1 · ~n~˙S1 · ~v1~S1 · ~v2
+ 3 ~˙S1 · ~nv21 ~S1 · ~v2 + ~v1 · ~n~S1 · ~v1 ~˙S1 · ~v2 + 3~S1 · ~nv21 ~˙S1 · ~v2
− 4~S1 · ~˙S1~v1 · ~n~v1 · ~v2 + ~˙S1 · ~n~S1 · ~v1~v1 · ~v2 + ~S1 · ~n~˙S1 · ~v1~v1 · ~v2 − 3~S1 · ~˙S1~v2 · ~nv22
+ 3 ~˙S1 · ~n~S1 · ~v2v22 + 3~S1 · ~n~˙S1 · ~v2v22 − 3 ~˙S1 · ~n~v1 · ~n~S1 · ~v1~v2 · ~n
− 3~S1 · ~n~v1 · ~n~˙S1 · ~v1~v2 · ~n− 9~S1 · ~n~˙S1 · ~nv21~v2 · ~n− 9~S1 · ~n~˙S1 · ~n~v2 · ~nv22
+ 6~S1 · ~˙S1~v2 · ~n(~v1 · ~n)2
]
− GC1ES2m2
2m1r
[(
~S1 · ~˙a1~S1 · ~v2 − ~S1 · ~n~S1 · ~˙a1~v2 · ~n
)
+
(
~¨S1 · ~v1~S1 · ~v2 + ~S1 · ~v1 ~¨S1 · ~v2 − 2~S1 · ~¨S1~v1 · ~v2 − ~v1 · ~v2S¨21 + 2~S1 · ~¨S1~v1 · ~n~v2 · ~n
− ~¨S1 · ~n~S1 · ~v1~v2 · ~n− ~S1 · ~n~¨S1 · ~v1~v2 · ~n+ ~v1 · ~n~v2 · ~nS¨21
)
+
(
2 ~˙S1 · ~a1~S1 · ~v2
+ 2~S1 · ~a1 ~˙S1 · ~v2 − 4~S1 · ~˙S1~a1 · ~v2 + 3~S1 · ~˙S1~v2 · ~a2 + ~a1 · ~v2S˙21
+ 4~S1 · ~˙S1~a1 · ~n~v2 · ~n− 2 ~˙S1 · ~n~S1 · ~a1~v2 · ~n− 2~S1 · ~n~˙S1 · ~a1~v2 · ~n
+ 3~S1 · ~n~˙S1 · ~n~v2 · ~a2 − ~a1 · ~n~v2 · ~nS˙21
)
+ 2
(
~˙S1 · ~v1 ~˙S1 · ~v2 − S˙21~v1 · ~v2
+ S˙21~v1 · ~n~v2 · ~n− ~˙S1 · ~n~˙S1 · ~v1~v2 · ~n
)]
+
GC1ES2m2
2m1
(3)
S21 ~v2 · ~n (3.2)
Fig. 1(a3) =
GC1ES2m2
16m1r3
[
8~S1 · ~v1~S1 · ~v2~v1 · ~v2 − 3S21v21v22 + 2v22(~S1 · ~v1)2 + 2v21(~S1 · ~v2)2
− 6S21(~v1 · ~v2)2 − 24~v1 · ~n~S1 · ~v1~v2 · ~n~S1 · ~v2 − 12~S1 · ~nv21~v2 · ~n~S1 · ~v2
+ 36S21~v1 · ~n~v2 · ~n~v1 · ~v2 − 24~S1 · ~n~S1 · ~v1~v2 · ~n~v1 · ~v2 − 24~S1 · ~n~v1 · ~n~S1 · ~v2~v1 · ~v2
− 12~S1 · ~n~v1 · ~n~S1 · ~v1v22 − 3v21v22(~S1 · ~n)2 + 9S21v22(~v1 · ~n)2 − 6(~S1 · ~v1)2(~v2 · ~n)2
+ 9S21v
2
1(~v2 · ~n)2 − 6(~v1 · ~n)2(~S1 · ~v2)2 − 6(~S1 · ~n)2(~v1 · ~v2)2
+ 60~v1 · ~n~v2 · ~n~v1 · ~v2(~S1 · ~n)2 + 60~S1 · ~n~v2 · ~n~S1 · ~v2(~v1 · ~n)2
+ 15v22(
~S1 · ~n)2(~v1 · ~n)2 − 45S21(~v1 · ~n)2(~v2 · ~n)2 + 60~S1 · ~n~v1 · ~n~S1 · ~v1(~v2 · ~n)2
+ 15v21(~S1 · ~n)2(~v2 · ~n)2 − 105(~S1 · ~n)2(~v1 · ~n)2(~v2 · ~n)2
]
+
GC1ES2m2
16m1r2
[
4~S1 · ~a1~v2 · ~n~S1 · ~v2 − 6S21~v2 · ~n~a1 · ~v2 + 4~S1 · ~n~S1 · ~v2~a1 · ~v2
− 3S21~a1 · ~nv22 + 2~S1 · ~n~S1 · ~a1v22 + 3S21v21~a2 · ~n− 4~v1 · ~n~S1 · ~v1~S1 · ~a2
− 2~S1 · ~nv21 ~S1 · ~a2 + 6S21~v1 · ~n~v1 · ~a2 − 4~S1 · ~n~S1 · ~v1~v1 · ~a2 − 2~a2 · ~n(~S1 · ~v1)2
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+ 2~a1 · ~n(~S1 · ~v2)2 − 12~S1 · ~n~a1 · ~n~v2 · ~n~S1 · ~v2 + 12~S1 · ~n~v1 · ~n~S1 · ~v1~a2 · ~n
− 6~v2 · ~n~a1 · ~v2(~S1 · ~n)2 − 3~a1 · ~nv22(~S1 · ~n)2 + 3v21~a2 · ~n(~S1 · ~n)2
+ 6~v1 · ~n~v1 · ~a2(~S1 · ~n)2 − 9S21~a2 · ~n(~v1 · ~n)2 + 6~S1 · ~n~S1 · ~a2(~v1 · ~n)2
+ 9S21~a1 · ~n(~v2 · ~n)2 − 6~S1 · ~n~S1 · ~a1(~v2 · ~n)2 − 15~a2 · ~n(~S1 · ~n)2(~v1 · ~n)2
+ 15~a1 · ~n(~S1 · ~n)2(~v2 · ~n)2
]
+
GC1ES2m2
4m1r2
[
2 ~˙S1 · ~v1~v2 · ~n~S1 · ~v2
+ 2~S1 · ~v1~v2 · ~n~˙S1 · ~v2 + 2~v1 · ~n~S1 · ~v2 ~˙S1 · ~v2 − 6~S1 · ~˙S1~v2 · ~n~v1 · ~v2
+ 2 ~˙S1 · ~n~S1 · ~v2~v1 · ~v2 + 2~S1 · ~n~˙S1 · ~v2~v1 · ~v2 − 3~S1 · ~˙S1~v1 · ~nv22 + ~˙S1 · ~n~S1 · ~v1v22
+ ~S1 · ~n~˙S1 · ~v1v22 − 6 ~˙S1 · ~n~v1 · ~n~v2 · ~n~S1 · ~v2 − 6~S1 · ~n~v1 · ~n~v2 · ~n~˙S1 · ~v2
− 6~S1 · ~n~˙S1 · ~n~v2 · ~n~v1 · ~v2 − 3~S1 · ~n~˙S1 · ~n~v1 · ~nv22 + 9~S1 · ~˙S1~v1 · ~n(~v2 · ~n)2
− 3 ~˙S1 · ~n~S1 · ~v1(~v2 · ~n)2 − 3~S1 · ~n~˙S1 · ~v1(~v2 · ~n)2 + 15~S1 · ~n~˙S1 · ~n~v1 · ~n(~v2 · ~n)2
]
− GC1ES2m2
16m1r
[
2
(
2~S1 · ~v2 ~¨S1 · ~v2 − 3~S1 · ~¨S1v22 − 2 ~¨S1 · ~n~v2 · ~n~S1 · ~v2
− 2~S1 · ~n~v2 · ~n~¨S1 · ~v2 − ~S1 · ~n~¨S1 · ~nv22 + 3~S1 · ~¨S1(~v2 · ~n)2 + 3~S1 · ~n~¨S1 · ~n(~v2 · ~n)2
)
−
(
2~S1 · ~a1~S1 · ~a2 − 3S21~a1 · ~a2 + 3S21~a1 · ~n~a2 · ~n− 2~S1 · ~n~S1 · ~a1~a2 · ~n
− 2~S1 · ~n~a1 · ~n~S1 · ~a2 − ~a1 · ~a2(~S1 · ~n)2 + 3~a1 · ~n~a2 · ~n(~S1 · ~n)2
)
− 4
(
~˙S1 · ~v1~S1 · ~a2
+ ~S1 · ~v1 ~˙S1 · ~a2 − 3~S1 · ~˙S1~v1 · ~a2 + 3~S1 · ~˙S1~v1 · ~n~a2 · ~n− ~˙S1 · ~n~S1 · ~v1~a2 · ~n
− ~S1 · ~n~˙S1 · ~v1~a2 · ~n− ~˙S1 · ~n~v1 · ~n~S1 · ~a2 − ~S1 · ~n~v1 · ~n~˙S1 · ~a2 − ~S1 · ~n~˙S1 · ~n~v1 · ~a2
+ 3~S1 · ~n~˙S1 · ~n~v1 · ~n~a2 · ~n
)
− 2
(
3S˙21v
2
2 − 2( ~˙S1 · ~v2)2 + 4 ~˙S1 · ~n~v2 · ~n~˙S1 · ~v2
+ v22( ~˙S1 · ~n)2 − 3S˙21(~v2 · ~n)2 − 3( ~˙S1 · ~n)2(~v2 · ~n)2
)]
− GC1ES2m2
8m1
[(
3~S1 · ~¨S1~a2 · ~n− ~¨S1 · ~n~S1 · ~a2 − ~S1 · ~n~¨S1 · ~a2 + ~S1 · ~n~¨S1 · ~n~a2 · ~n
)
+
(
3S˙21~a2 · ~n− 2 ~˙S1 · ~n~˙S1 · ~a2 + ~a2 · ~n( ~˙S1 · ~n)2
)]
(3.3)
Fig. 1(b1) =− 2GC1ES2m2
m1r3
[
S21~v1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2
]
+
2GC1ES2m2
m1r2
[
2~S1 · ~˙S1~v2 · ~n
− ~˙S1 · ~n~S1 · ~v2 − ~S1 · ~n~˙S1 · ~v2
]
− GC1ES2m2
m1r3
[
3S21v
2
1~v1 · ~v2 + S21~v1 · ~v2v22
− 2~v1 · ~v2(~S1 · ~v1)2 + 6~S1 · ~n~v1 · ~n~S1 · ~v1~v1 · ~v2 − 3v21~v1 · ~v2(~S1 · ~n)2
− 3~v1 · ~v2v22(~S1 · ~n)2 − 6S21~v1 · ~v2(~v1 · ~n)2
]
+
GC1ES2m2
m1r2
[
2S21~v1 · ~a1~v2 · ~n
+ ~S1 · ~v1~a1 · ~n~S1 · ~v2 + ~v1 · ~n~S1 · ~a1~S1 · ~v2 − 2~S1 · ~n~v1 · ~a1~S1 · ~v2
− 2S21~a1 · ~n~v1 · ~v2 + ~S1 · ~n~S1 · ~a1~v1 · ~v2 − 2S21~v1 · ~n~a1 · ~v2 + ~S1 · ~n~S1 · ~v1~a1 · ~v2
]
+
GC1ES2m2
m1r2
[
2~S1 · ~˙S1v21~v2 · ~n+ ~v1 · ~n~˙S1 · ~v1~S1 · ~v2 − ~˙S1 · ~nv21 ~S1 · ~v2
+ ~v1 · ~n~S1 · ~v1 ~˙S1 · ~v2 − ~S1 · ~nv21 ~˙S1 · ~v2 − 4~S1 · ~˙S1~v1 · ~n~v1 · ~v2 + ~˙S1 · ~n~S1 · ~v1~v1 · ~v2
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+ ~S1 · ~n~˙S1 · ~v1~v1 · ~v2 + 2~S1 · ~˙S1~v2 · ~nv22 − ~˙S1 · ~n~S1 · ~v2v22 − ~S1 · ~n~˙S1 · ~v2v22
]
(3.4)
Fig. 1(b2) =− GC1ES2m2
m1r3
[
2~S1 · ~v1~S1 · ~v2~v1 · ~v2 − S21(~v1 · ~v2)2 + 3S21~v1 · ~n~v2 · ~n~v1 · ~v2
− 6~S1 · ~n~S1 · ~v1~v2 · ~n~v1 · ~v2 − 6~S1 · ~n~v1 · ~n~S1 · ~v2~v1 · ~v2 − 3(~S1 · ~n)2(~v1 · ~v2)2
+ 15~v1 · ~n~v2 · ~n~v1 · ~v2(~S1 · ~n)2
]
+
GC1ES2m2
m1r2
[
S21~v2 · ~n~a1 · ~v2
− 2~S1 · ~n~S1 · ~v2~a1 · ~v2 − S21~v1 · ~n~v1 · ~a2 + 2~S1 · ~n~S1 · ~v1~v1 · ~a2
+ 3~v2 · ~n~a1 · ~v2(~S1 · ~n)2 − 3~v1 · ~n~v1 · ~a2(~S1 · ~n)2
]
− GC1ES2m2
m1r2
[
~˙S1 · ~v1~v2 · ~n~S1 · ~v2 + ~S1 · ~v1~v2 · ~n~˙S1 · ~v2 + 2~v1 · ~n~S1 · ~v2 ~˙S1 · ~v2
− 6~S1 · ~˙S1~v2 · ~n~v1 · ~v2 + 3 ~˙S1 · ~n~S1 · ~v2~v1 · ~v2 + 3~S1 · ~n~˙S1 · ~v2~v1 · ~v2
− 2~S1 · ~˙S1~v1 · ~nv22 − 3 ~˙S1 · ~n~v1 · ~n~v2 · ~n~S1 · ~v2 − 3~S1 · ~n~v1 · ~n~v2 · ~n~˙S1 · ~v2
− 6~S1 · ~n~˙S1 · ~n~v2 · ~n~v1 · ~v2 + 6~S1 · ~˙S1~v1 · ~n(~v2 · ~n)2
]
+
GC1ES2m2
m1r
[(
2~S1 · ~v2 ~¨S1 · ~v2 − 2~S1 · ~¨S1v22 − ~¨S1 · ~n~v2 · ~n~S1 · ~v2
− ~S1 · ~n~v2 · ~n~¨S1 · ~v2 + 2~S1 · ~¨S1(~v2 · ~n)2
)
+
(
S21~a1 · ~a2 + ~a1 · ~a2(~S1 · ~n)2
)
−
(
~˙S1 · ~v1~S1 · ~a2 + ~S1 · ~v1 ~˙S1 · ~a2 − 4~S1 · ~˙S1~v1 · ~a2 + 2~S1 · ~˙S1~v1 · ~n~a2 · ~n
− ~˙S1 · ~n~v1 · ~n~S1 · ~a2 − ~S1 · ~n~v1 · ~n~˙S1 · ~a2 − 2~S1 · ~n~˙S1 · ~n~v1 · ~a2
)
− 2
(
S˙21v
2
2
− ( ~˙S1 · ~v2)2 + ~˙S1 · ~n~v2 · ~n~˙S1 · ~v2 − S˙21(~v2 · ~n)2
)]
+
GC1ES2m2
m1
[(
2~S1 · ~¨S1~a2 · ~n
− ~¨S1 · ~n~S1 · ~a2 − ~S1 · ~n~¨S1 · ~a2
)
+ 2
(
S˙21~a2 · ~n− ~˙S1 · ~n~˙S1 · ~a2
)]
(3.5)
Fig. 1(c) =− GC1ES2m2
m1r3
[
S21v
2
1v
2
2 − S21(~v1 · ~v2)2 − 3v21v22(~S1 · ~n)2 + 3(~S1 · ~n)2(~v1 · ~v2)2
]
− GC1ES2m2
m1r2
[
2S21~v2 · ~n~a1 · ~v2 − 2~S1 · ~n~S1 · ~v2~a1 · ~v2 − S21~a1 · ~nv22
+ 2~S1 · ~n~S1 · ~a1v22 + ~a1 · ~n(~S1 · ~v2)2
]
− 2GC1ES2m2
m1r2
[
2~S1 · ~˙S1~v2 · ~n~v1 · ~v2
− ~˙S1 · ~n~S1 · ~v2~v1 · ~v2 − ~S1 · ~n~˙S1 · ~v2~v1 · ~v2 − 2~S1 · ~˙S1~v1 · ~nv22 + ~˙S1 · ~n~S1 · ~v1v22
+ ~S1 · ~n~˙S1 · ~v1v22
]
− 2GC1ES2m2
m1r
[(
~S1 · ~v2 ~¨S1 · ~v2 + ~S1 · ~¨S1v22
)
+
(
S˙21v
2
2 + ( ~˙S1 · ~v2)2
)]
(3.6)
3.2 Two-graviton exchange and cubic self-interaction
3.2.1 Two-graviton exchange
There are 12 two-graviton exchange diagrams, which can be seen in figure 2. They involve
two-graviton mass couplings, which at the NNLO level are also contracted with linear in spin
couplings, or two-graviton spin-squared couplings. We note that time derivatives originate
here also from the spin-squared couplings.
– 11 –
(a1) (a2) (b2) (b3)(b1) (b4) (b5)
(c1) (c2) (c3) (c4) (c5)
Figure 2. NNLO spin-squared two-graviton exchange Feynman diagrams.
These diagrams are evaluated by:
Fig. 2(a1) =− 2G
2m2
r4
[
S21v
2
1 − (~S1 · ~v1)2 + 2~S1 · ~n~v1 · ~n~S1 · ~v1 − v21(~S1 · ~n)2 − S21(~v1 · ~n)2
]
(3.7)
Fig. 2(a2) =− 4G
2m2
r4
[
~S1 · ~v1~S1 · ~v2 − S21~v1 · ~v2 + S21~v1 · ~n~v2 · ~n− ~S1 · ~n~S1 · ~v1~v2 · ~n
− ~S1 · ~n~v1 · ~n~S1 · ~v2 + ~v1 · ~v2(~S1 · ~n)2
]
(3.8)
Fig. 2(b1) =− G
2C1ES2m2
2r4
[
S21 − 3(~S1 · ~n)2
]
− G
2C1ES2m2
4r4
[
8S21v
2
1 − 9S21v22 − 2(~S1 · ~v1)2
+ 6~S1 · ~n~v1 · ~n~S1 · ~v1 − 18v21(~S1 · ~n)2 + 27v22(~S1 · ~n)2 − 6S21(~v1 · ~n)2
]
− G
2C1ES2m2
r3
~S1 · ~a1~S1 · ~n+
G2C1ES2m2
r3
[
2~S1 · ~˙S1~v1 · ~n− ~˙S1 · ~n~S1 · ~v1
− ~S1 · ~n~˙S1 · ~v1
]
− G
2C1ES2m2
r2
S¨21 (3.9)
Fig. 2(b2) =− G
2C1ES2m2
4r4
[
2~S1 · ~v1~S1 · ~v2 − S21~v1 · ~v2 + 2~S1 · ~n~v1 · ~n~S1 · ~v1 + 4S21~v1 · ~n~v2 · ~n
− 8~S1 · ~n~S1 · ~v1~v2 · ~n− 6~S1 · ~n~v1 · ~n~S1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2 − S21(~v1 · ~n)2
+ 18~v1 · ~n~v2 · ~n(~S1 · ~n)2 − 3(~S1 · ~n)2(~v1 · ~n)2
]
− G
2C1ES2m2
2r3
[
~S1 · ~˙S1~v1 · ~n
− 2~S1 · ~˙S1~v2 · ~n+ ~˙S1 · ~n~S1 · ~v2 + ~S1 · ~n~˙S1 · ~v2 + ~S1 · ~n~˙S1 · ~n~v1 · ~n
− 4~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.10)
Fig. 2(b3) =− G
2C1ES2m2
4r4
[
S21~v1 · ~v2 + 6~S1 · ~n~v1 · ~n~S1 · ~v1 − 4S21~v1 · ~n~v2 · ~n
− 6~S1 · ~n~v1 · ~n~S1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2 + 3S21(~v1 · ~n)2 + 18~v1 · ~n~v2 · ~n(~S1 · ~n)2
− 15(~S1 · ~n)2(~v1 · ~n)2
]
+
G2C1ES2m2
2r3
[
~S1 · ~˙S1~v1 · ~n− 3~S1 · ~n~˙S1 · ~n~v1 · ~n
]
(3.11)
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Fig. 2(b4) =
2G2C1ES2m2
r4
[
S21~v1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2
]
(3.12)
Fig. 2(b5) =
2G2C1ES2m2
r4
[
S21~v1 · ~v2 − 3~v1 · ~v2(~S1 · ~n)2
]
− 2G
2C1ES2m2
r3
[
2~S1 · ~˙S1~v2 · ~n
− ~˙S1 · ~n~S1 · ~v2 − ~S1 · ~n~˙S1 · ~v2
]
(3.13)
Fig. 2(c1) =− 2G
2C1ES2m
2
2
m1r4
[
S21 − 3(~S1 · ~n)2
]
+
G2C1ES2m
2
2
2m1r4
[
S21v
2
1 + 2~S1 · ~v1~S1 · ~v2
+ 2S21~v1 · ~v2 − 14S21v22 − (~S1 · ~v1)2 + 4~S1 · ~n~v1 · ~n~S1 · ~v1 − 8S21~v1 · ~n~v2 · ~n
− 8~S1 · ~n~S1 · ~v1~v2 · ~n− 2v21(~S1 · ~n)2 + 36v22(~S1 · ~n)2 + 10S21(~v2 · ~n)2
]
+
G2C1ES2m
2
2
m1r3
~a2 · ~nS21 (3.14)
Fig. 2(c2) =− G
2C1ES2m
2
2
2m1r4
[
6~S1 · ~v1~S1 · ~v2 + S21v22 − 3(~S1 · ~v2)2 − 24~S1 · ~n~S1 · ~v1~v2 · ~n
− 24~S1 · ~n~v1 · ~n~S1 · ~v2 + 24~S1 · ~n~v2 · ~n~S1 · ~v2 − 12~v1 · ~v2(~S1 · ~n)2 + 2S21(~v2 · ~n)2
+ 72~v1 · ~n~v2 · ~n(~S1 · ~n)2 − 36(~S1 · ~n)2(~v2 · ~n)2
]
− 3G
2C1ES2m
2
2
m1r3
[
~˙S1 · ~n~S1 · ~v2
+ ~S1 · ~n~˙S1 · ~v2 − 4~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.15)
Fig. 2(c3) =
G2C1ES2m
2
2
m1r4
[
5S21v
2
2 − 3(~S1 · ~v2)2 + 8~S1 · ~n~v2 · ~n~S1 · ~v2 − 8v22(~S1 · ~n)2
− 8S21(~v2 · ~n)2
]
(3.16)
Fig. 2(c4) =− 2G
2C1ES2m
2
2
m1r4
[
4~S1 · ~v1~S1 · ~v2 − 12S21~v1 · ~v2 + 5S21v22 − 5(~S1 · ~v2)2
+ 14S21~v1 · ~n~v2 · ~n− ~S1 · ~n~S1 · ~v1~v2 · ~n− 15~S1 · ~n~v1 · ~n~S1 · ~v2
+ 20~S1 · ~n~v2 · ~n~S1 · ~v2 + 18~v1 · ~v2(~S1 · ~n)2 − 18S21 (~v2 · ~n)2
]
+
2G2C1ES2m
2
2
m1r3
[
5S21~a2 · ~n− 7~S1 · ~n~S1 · ~a2
]
(3.17)
Fig. 2(c5) =− 2G
2C1ES2m
2
2
m1r4
[
2S21v
2
2 − (~S1 · ~v2)2 + 2~S1 · ~n~v2 · ~n~S1 · ~v2 − v22(~S1 · ~n)2
− 2S21(~v2 · ~n)2
]
(3.18)
3.2.2 Cubic self-interaction
There are 27 cubic self-interaction diagrams in this sector, which can be seen in figure 3.
Tensor one-loop integrals up to order 4, which appear in appendix A of [21], are required to
be initially applied here in addition.
These diagrams are evaluated by:
Fig. 3(a1) =
G2m2
r4
(~S1 · ~n)2 +
G2m2
2r4
[
4S21v
2
1 − 4(~S1 · ~v1)2 + 10~S1 · ~n~v1 · ~n~S1 · ~v1 − 2v21(~S1 · ~n)2
+ 3v22(
~S1 · ~n)2 − 8S21(~v1 · ~n)2
]
+
2G2m2
r3
[
S21~a1 · ~n− ~S1 · ~n~S1 · ~a1
]
– 13 –
Figure 3. NNLO spin-squared one-loop Feynman diagrams.
+
2G2m2
r3
[
~S1 · ~˙S1~v1 · ~n− ~˙S1 · ~n~S1 · ~v1
]
(3.19)
Fig. 3(a2) =− G
2m2
4r4
[
3S21v
2
1 − 6~S1 · ~v1~S1 · ~v2 − 2S21~v1 · ~v2 − 12~S1 · ~n~v1 · ~n~S1 · ~v1
+ 8S21~v1 · ~n~v2 · ~n+ 24~S1 · ~n~S1 · ~v1~v2 · ~n+ 16~S1 · ~n~v1 · ~n~S1 · ~v2
− 13v21(~S1 · ~n)2 + 8~v1 · ~v2(~S1 · ~n)2 − 5S21(~v1 · ~n)2 − 48~v1 · ~n~v2 · ~n(~S1 · ~n)2
+ 27(~S1 · ~n)2(~v1 · ~n)2
]
− G
2m2
2r3
[
6~S1 · ~˙S1~v1 · ~n+ 2 ~˙S1 · ~n~S1 · ~v1
+ 8~S1 · ~n~˙S1 · ~v1 − 6~S1 · ~˙S1~v2 · ~n− 5 ~˙S1 · ~n~S1 · ~v2 − 5~S1 · ~n~˙S1 · ~v2
− 20~S1 · ~n~˙S1 · ~n~v1 · ~n+ 20~S1 · ~n~˙S1 · ~n~v2 · ~n
]
+
G2m2
2r2
[
3S˙21 − 5( ~˙S1 · ~n)2
]
(3.20)
Fig. 3(a3) =− G
2m2
2r4
[
~S1 · ~v1~S1 · ~v2 + S21~v1 · ~v2 − 4S21~v1 · ~n~v2 · ~n− 4~S1 · ~n~S1 · ~v1~v2 · ~n
− 4~S1 · ~n~v1 · ~n~S1 · ~v2 − 2~v1 · ~v2(~S1 · ~n)2 + 12~v1 · ~n~v2 · ~n(~S1 · ~n)2
]
– 14 –
− G
2m2
2r3
[
2~S1 · ~˙S1~v2 · ~n+ ~˙S1 · ~n~S1 · ~v2 + ~S1 · ~n~˙S1 · ~v2 − 4~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.21)
Fig. 3(a4) =
4G2m2
r4
[
~S1 · ~v1~S1 · ~v2 − S21~v1 · ~v2 + 2S21~v1 · ~n~v2 · ~n− 2~S1 · ~n~S1 · ~v1~v2 · ~n
]
(3.22)
Fig. 3(a5) =
8G2C1ES2m
2
2
m1r4
[
S21v
2
2 − 2v22(~S1 · ~n)2
]
(3.23)
Fig. 3(a6) =− 4G
2C1ES2m2
r4
[
S21~v1 · ~v2 − 2~S1 · ~n~S1 · ~v1~v2 · ~n+ 2~S1 · ~n~v1 · ~n~S1 · ~v2
− 3~v1 · ~v2(~S1 · ~n)2
]
(3.24)
Fig. 3(a7) =− 16G
2C1ES2m
2
2
m1r4
[
S21~v1 · ~v2 − 2~v1 · ~v2(~S1 · ~n)2
]
+
8G2C1ES2m
2
2
m1r3
[
2~S1 · ~˙S1~v2 · ~n
− ~˙S1 · ~n~S1 · ~v2 − ~S1 · ~n~˙S1 · ~v2
]
(3.25)
Fig. 3(a8) =− 4G
2C1ES2m2
r4
[
S21~v1 · ~v2 + 2~S1 · ~n~S1 · ~v1~v2 · ~n− 2~S1 · ~n~v1 · ~n~S1 · ~v2
− 3~v1 · ~v2(~S1 · ~n)2
]
+
2G2C1ES2m2
r3
[
2~S1 · ~˙S1~v2 · ~n− 3 ~˙S1 · ~n~S1 · ~v2
− 3~S1 · ~n~˙S1 · ~v2
]
(3.26)
Fig. 3(a9) =
4G2C1ES2m2
r4
[
S21v
2
1 − 3v21(~S1 · ~n)2
]
− 2G
2C1ES2m2
r3
[
2~S1 · ~˙S1~v1 · ~n
− 3 ~˙S1 · ~n~S1 · ~v1 − 3~S1 · ~n~˙S1 · ~v1
]
(3.27)
Fig. 3(b1) =− G
2m2
r4
[
3S21v
2
1 − 3(~S1 · ~v1)2 + 10~S1 · ~n~v1 · ~n~S1 · ~v1 − 2v21(~S1 · ~n)2
− 8S21(~v1 · ~n)2
]
(3.28)
Fig. 3(b2) =
4G2C1ES2m
2
2
m1r4
[
(~S1 · ~v2)2 − 8~S1 · ~n~v2 · ~n~S1 · ~v2 − 2v22(~S1 · ~n)2
+ 12(~S1 · ~n)2(~v2 · ~n)2
]
(3.29)
Fig. 3(b3) =
G2C1ES2m2
r4
[
S21v
2
1 + 2(~S1 · ~v1)2 − 18~S1 · ~n~v1 · ~n~S1 · ~v1 − 5v21(~S1 · ~n)2
− 4S21(~v1 · ~n)2 + 30(~S1 · ~n)2(~v1 · ~n)2
]
(3.30)
Fig. 3(b4) =− G
2C1ES2m2
4r4
[
S21v
2
2 + 2(~S1 · ~v2)2 − 12~S1 · ~n~v2 · ~n~S1 · ~v2 − 5v22(~S1 · ~n)2
− S21(~v2 · ~n)2 + 15(~S1 · ~n)2(~v2 · ~n)2
]
(3.31)
Fig. 3(b5) =− G
2C1ES2m
2
2
2m1r4
[
S21v
2
1 + (
~S1 · ~v1)2 − 8~S1 · ~n~v1 · ~n~S1 · ~v1 − 4v21(~S1 · ~n)2
+ 12(~S1 · ~n)2(~v1 · ~n)2
]
− G
2C1ES2m
2
2
m1r3
[
~S1 · ~n~S1 · ~a1 − ~a1 · ~n(~S1 · ~n)2
]
+
G2C1ES2m
2
2
2m1r3
[
2~S1 · ~˙S1~v1 · ~n− 3 ~˙S1 · ~n~S1 · ~v1 − 3~S1 · ~n~˙S1 · ~v1
– 15 –
+ 8~S1 · ~n~˙S1 · ~n~v1 · ~n
]
− G
2C1ES2m
2
2
2m1r2
[(
~S1 · ~¨S1 + ~S1 · ~n~¨S1 · ~n
)
+
(
S˙21 + ( ~˙S1 · ~n)2
)]
(3.32)
Fig. 3(b6) =
G2C1ES2m2
r4
[
(~S1 · ~v1)2 − 6~S1 · ~n~v1 · ~n~S1 · ~v1 − v21(~S1 · ~n)2 + 6(~S1 · ~n)2(~v1 · ~n)2
]
− G
2C1ES2m2
r3
[
S21~a1 · ~n− ~S1 · ~n~S1 · ~a1 + 2~a1 · ~n(~S1 · ~n)2
]
− G
2C1ES2m2
2r3
[
6~S1 · ~˙S1~v1 · ~n− 5 ~˙S1 · ~n~S1 · ~v1 − 5~S1 · ~n~˙S1 · ~v1
+ 16~S1 · ~n~˙S1 · ~n~v1 · ~n
]
+
4G2C1ES2m2
r2
[
~S1 · ~n~¨S1 · ~n+ ( ~˙S1 · ~n)2
]
(3.33)
Fig. 3(c1) =
G2m2
r4
[
2S21v
2
1 − ~S1 · ~v1~S1 · ~v2 + S21~v1 · ~v2 − 2(~S1 · ~v1)2 + 6~S1 · ~n~v1 · ~n~S1 · ~v1
− 4S21~v1 · ~n~v2 · ~n+ 4~S1 · ~n~S1 · ~v1~v2 · ~n− 2v21(~S1 · ~n)2 − 4S21(~v1 · ~n)2
]
+
G2m2
r3
[
S21~a1 · ~n− ~S1 · ~n~S1 · ~a1
]
+
G2m2
r3
[
~S1 · ~˙S1~v1 · ~n− ~˙S1 · ~n~S1 · ~v1
]
(3.34)
Fig. 3(c2) =− 4G
2C1ES2m
2
2
m1r4
[
~S1 · ~v1~S1 · ~v2 + (~S1 · ~v2)2 − 4~S1 · ~n~S1 · ~v1~v2 · ~n
− 4~S1 · ~n~v1 · ~n~S1 · ~v2 − 8~S1 · ~n~v2 · ~n~S1 · ~v2 − 2~v1 · ~v2(~S1 · ~n)2
− 2v22(~S1 · ~n)2 + 12~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 12(~S1 · ~n)2(~v2 · ~n)2
]
− 4G
2C1ES2m
2
2
m1r3
[
~˙S1 · ~n~S1 · ~v2 + ~S1 · ~n~˙S1 · ~v2 − 4~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.35)
Fig. 3(c3) =− G
2C1ES2m2
r4
[
S21v
2
1 + 2
~S1 · ~v1~S1 · ~v2 + S21~v1 · ~v2 + 2(~S1 · ~v1)2
− 18~S1 · ~n~v1 · ~n~S1 · ~v1 − 4S21~v1 · ~n~v2 · ~n− 8~S1 · ~n~S1 · ~v1~v2 · ~n
− 10~S1 · ~n~v1 · ~n~S1 · ~v2 − 5v21(~S1 · ~n)2 − 5~v1 · ~v2(~S1 · ~n)2 − 4S21(~v1 · ~n)2
+ 30~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 30(~S1 · ~n)2(~v1 · ~n)2
]
− G
2C1ES2m2
r3
[
2~S1 · ~˙S1~v1 · ~n
+ 3 ~˙S1 · ~n~S1 · ~v1 + 3~S1 · ~n~˙S1 · ~v1 − 12~S1 · ~n~˙S1 · ~n~v1 · ~n
]
(3.36)
Fig. 3(c4) =
G2C1ES2m2
2r4
[
2~S1 · ~v1~S1 · ~v2 + S21~v1 · ~v2 − S21~v1 · ~n~v2 · ~n− 6~S1 · ~n~S1 · ~v1~v2 · ~n
− 6~S1 · ~n~v1 · ~n~S1 · ~v2 − 5~v1 · ~v2(~S1 · ~n)2 + 15~v1 · ~n~v2 · ~n(~S1 · ~n)2
]
+
G2C1ES2m2
r3
[
~˙S1 · ~n~S1 · ~v2 + ~S1 · ~n~˙S1 · ~v2 − 2~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.37)
Fig. 3(c5) =
G2C1ES2m
2
2
m1r4
[
~S1 · ~v1~S1 · ~v2 + S21~v1 · ~v2 − 4~S1 · ~n~S1 · ~v1~v2 · ~n
− 4~S1 · ~n~v1 · ~n~S1 · ~v2 − 4~v1 · ~v2(~S1 · ~n)2 + 12~v1 · ~n~v2 · ~n(~S1 · ~n)2
]
− G
2C1ES2m
2
2
2m1r3
[
2~S1 · ~˙S1~v2 · ~n− 3 ~˙S1 · ~n~S1 · ~v2 − 3~S1 · ~n~˙S1 · ~v2
– 16 –
+ 8~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.38)
Fig. 3(c6) =− G
2C1ES2m2
r4
[
~S1 · ~v1~S1 · ~v2 + (~S1 · ~v1)2 − 6~S1 · ~n~v1 · ~n~S1 · ~v1
− 4~S1 · ~n~S1 · ~v1~v2 · ~n− 2~S1 · ~n~v1 · ~n~S1 · ~v2 − v21(~S1 · ~n)2 − ~v1 · ~v2(~S1 · ~n)2
+ 6~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 6(~S1 · ~n)2(~v1 · ~n)2
]
+
G2C1ES2m2
2r3
[
2~S1 · ~˙S1~v1 · ~n
− 3 ~˙S1 · ~n~S1 · ~v1 − 3~S1 · ~n~˙S1 · ~v1 + 4~S1 · ~˙S1~v2 · ~n− 2 ~˙S1 · ~n~S1 · ~v2
− 2~S1 · ~n~˙S1 · ~v2 + 8~S1 · ~n~˙S1 · ~n~v1 · ~n+ 8~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.39)
Fig. 3(d1) =
G2m2
4r4
[
S21v
2
2 − 4~S1 · ~n~v2 · ~n~S1 · ~v2 − 3v22(~S1 · ~n)2 − 3S21(~v2 · ~n)2
+ 9(~S1 · ~n)2(~v2 · ~n)2
]
(3.40)
Fig. 3(d2) =− G
2m2
r4
[
3~S1 · ~v1~S1 · ~v2 − 3S21~v1 · ~v2 + 10S21~v1 · ~n~v2 · ~n− 6~S1 · ~n~S1 · ~v1~v2 · ~n
− 4~S1 · ~n~v1 · ~n~S1 · ~v2 + 2~v1 · ~v2(~S1 · ~n)2
]
(3.41)
Fig. 3(e) =
G2m2
r4
[
3S21v
2
1 + 2~S1 · ~v1~S1 · ~v2 − 2S21~v1 · ~v2 − 3(~S1 · ~v1)2 + 14~S1 · ~n~v1 · ~n~S1 · ~v1
+ 8S21~v1 · ~n~v2 · ~n− 8~S1 · ~n~S1 · ~v1~v2 · ~n− 4~S1 · ~n~v1 · ~n~S1 · ~v2
− 2~v1 · ~v2(~S1 · ~n)2 − 8S21(~v1 · ~n)2 + 12~v1 · ~n~v2 · ~n(~S1 · ~n)2 − 12(~S1 · ~n)2(~v1 · ~n)2
]
+
G2m2
r3
[
3~S1 · ~˙S1~v1 · ~n− 2 ~˙S1 · ~n~S1 · ~v1 − ~S1 · ~n~˙S1 · ~v1 + 4~S1 · ~n~˙S1 · ~n~v1 · ~n
]
(3.42)
Fig. 3(f) =
G2m2
2r4
[
4~S1 · ~v1~S1 · ~v2 − 5S21~v1 · ~v2 − 2S21v22 + 2(~S1 · ~v2)2 + 7S21~v1 · ~n~v2 · ~n
− 2~S1 · ~n~S1 · ~v1~v2 · ~n− 6~S1 · ~n~v1 · ~n~S1 · ~v2 − 8~S1 · ~n~v2 · ~n~S1 · ~v2
+ 7~v1 · ~v2(~S1 · ~n)2 + 8S21(~v2 · ~n)2 − 9~v1 · ~n~v2 · ~n(~S1 · ~n)2
]
+
G2m2
r3
[
S21~a2 · ~n
− ~S1 · ~n~S1 · ~a2
]
+
2G2m2
r3
~˙S1 · ~n~v2 · ~n~S1 · ~n (3.43)
Fig. 3(g1) =
G2C1ES2m
2
2
2m1r4
[
8~S1 · ~v1~S1 · ~v2 − S21v22 − (~S1 · ~v2)2 − 32~S1 · ~n~S1 · ~v1~v2 · ~n
− 32~S1 · ~n~v1 · ~n~S1 · ~v2 + 8~S1 · ~n~v2 · ~n~S1 · ~v2 − 16~v1 · ~v2(~S1 · ~n)2
+ 4v22(~S1 · ~n)2 + 96~v1 · ~n~v2 · ~n(~S1 · ~n)2 − 12(~S1 · ~n)2(~v2 · ~n)2
]
+
4G2C1ES2m
2
2
m1r3
[
~˙S1 · ~n~S1 · ~v2 + ~S1 · ~n~˙S1 · ~v2 − 4~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.44)
Fig. 3(g2) =− G
2C1ES2m2
4r4
[
S21v
2
1 − 12~S1 · ~v1~S1 · ~v2 − 4S21~v1 · ~v2 + 2(~S1 · ~v1)2
− 12~S1 · ~n~v1 · ~n~S1 · ~v1 + 16S21~v1 · ~n~v2 · ~n+ 48~S1 · ~n~S1 · ~v1~v2 · ~n
+ 48~S1 · ~n~v1 · ~n~S1 · ~v2 − 5v21(~S1 · ~n)2 + 24~v1 · ~v2(~S1 · ~n)2 − S21(~v1 · ~n)2
– 17 –
Figure 4. NNLO spin-squared cubic in G Feynman diagrams with no loops.
− 144~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 15(~S1 · ~n)2(~v1 · ~n)2
]
− G
2C1ES2m2
r3
[
~˙S1 · ~n~S1 · ~v1
+ ~S1 · ~n~˙S1 · ~v1 − 2~S1 · ~˙S1~v2 · ~n− 3 ~˙S1 · ~n~S1 · ~v2 − 3~S1 · ~n~˙S1 · ~v2
− 2~S1 · ~n~˙S1 · ~n~v1 · ~n+ 12~S1 · ~n~˙S1 · ~n~v2 · ~n
]
(3.45)
3.3 Cubic in G interaction
3.3.1 Three-graviton exchange
There are 4 diagrams at order G3 with three-graviton exchange in this sector, which can be
seen in figure 4. They do not contain linear in spin couplings, but rather up to three-graviton
spin-squared ones.
These diagrams are evaluated by:
Fig. 4(a1) =
C1ES2
2
G3m22
r5
[
S21 − 3
(
~S1 · ~n
)2]
, (3.46)
Fig. 4(a2) =4C1ES2
G3m22
r5
[
S21 − 3
(
~S1 · ~n
)2]
, (3.47)
Fig. 4(b1) =
C1ES2
4
G3m1m2
r5
[
S21 − 3
(
~S1 · ~n
)2]
, (3.48)
Fig. 4(b2) =
15C1ES2
4
G3m32
m1r5
[
S21 − 3
(
~S1 · ~n
)2]
. (3.49)
3.3.2 Cubic self-interaction with two-graviton exchange
There are 4 one-loop diagrams at order G3 in this sector, which can be seen in figure 5.
Two-graviton spin-squared couplings also appear here.
These diagrams are evaluated by:
Fig. 5(a1) =− G
3m1m2
r5
(
~S1 · ~n
)2
, (3.50)
Fig. 5(a2) =− 8G
3m22
r5
(
~S1 · ~n
)2
, (3.51)
Fig. 5(b1) =− C1ES2
2
G3m32
m1r5
[
S21 +
(
~S1 · ~n
)2]
, (3.52)
Fig. 5(b2) =C1ES2
G3m22
r5
[
5S21 − 3
(
~S1 · ~n
)2]
. (3.53)
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Figure 5. NNLO spin-squared cubic in G one-loop Feynman diagrams.
Figure 6. NNLO spin-squared two-loop Feynman diagrams.
3.3.3 Two-loop interaction
There are 11 two-loop diagrams at order G3 in this sector, which can be seen in figure 6.
Here, the cubic vertices have no time dependence, as in the spin1-spin2 sector [21], but unlike
the spin-orbit sector [22]. This is similar to what happens in one-loop diagrams at the NLO
level [16, 30, 33].
The irreducible two-loop tensor integrals, which are required here up to order 4, are
reduced as in Appendix A of [21], see eqs. (A12), (A13), and in Appendix A of [22], see
eq. (A2).
These diagrams are evaluated by:
Fig. 6(a1) =0, (3.54)
Fig. 6(a2) =0, (3.55)
Fig. 6(b1) =
4
35
G3m1m2
r5
[
3S21 + 5
(
~S1 · ~n
)2]
, (3.56)
Fig. 6(b2) =− 1
70
G3m1m2
r5
[
13S21 − 25
(
~S1 · ~n
)2]
, (3.57)
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Fig. 6(b3) =
C1ES2
2
G3m32
m1r5
[
3S21 − 5
(
~S1 · ~n
)2]
, (3.58)
Fig. 6(b4) =
3C1ES2
7
G3m1m2
r5
[
S21 − 3
(
~S1 · ~n
)2]
, (3.59)
Fig. 6(b5) =
C1ES2
7
G3m1m2
r5
[
S21 − 3
(
~S1 · ~n
)2]
, (3.60)
Fig. 6(c1) =0, (3.61)
Fig. 6(c2) =C1ES2
G3m22
r5
[
S21 − 15
(
~S1 · ~n
)2]
, (3.62)
Fig. 6(d) =0, (3.63)
Fig. 6(e) =− 4
35
G3m1m2
r5
[
2S21 + 15
(
~S1 · ~n
)2]
. (3.64)
Notice that the diagram in figure 6(c1) is equivalent to 0, despite its being irreducible, rather
than of the factorizable kind.
4 Next-to-next-to-leading order spin-squared potential
The NNLO spin-squared potential for a binary with compact spinning components is split
according to the number and order of higher-order time derivatives:
V SSNNLO =
(0)
V +
(1)
V +
(2)
V +
(3)
V . (4.1)
The first part is independent of higher-order time derivatives and is thus an ordinary poten-
tial,
(0)
V = −
GC1ES2m2
16m1r3
[
8~S1 · ~v1v21 ~S1 · ~v2 − 42S21v21~v1 · ~v2 − 24~S1 · ~v1~S1 · ~v2~v1 · ~v2 + 11S21v21v22
+ 12~S1 · ~v1~S1 · ~v2v22 − 22S21~v1 · ~v2v22 − 12v21(~S1 · ~v1)2 + 24~v1 · ~v2(~S1 · ~v1)2 − 10v22(~S1 · ~v1)2
+ 2v21(~S1 · ~v2)2 + 26S21(~v1 · ~v2)2 + 19S21v41 + 7S21v42 + 42~S1 · ~n~v1 · ~n~S1 · ~v1v21
− 18S21~v1 · ~nv21~v2 · ~n− 24~S1 · ~n~S1 · ~v1v21~v2 · ~n− 36~S1 · ~n~v1 · ~nv21 ~S1 · ~v2
− 24~v1 · ~n~S1 · ~v1~v2 · ~n~S1 · ~v2 − 12~S1 · ~nv21~v2 · ~n~S1 · ~v2 − 72~S1 · ~n~v1 · ~n~S1 · ~v1~v1 · ~v2
− 12S21~v1 · ~n~v2 · ~n~v1 · ~v2 + 72~S1 · ~n~S1 · ~v1~v2 · ~n~v1 · ~v2 + 72~S1 · ~n~v1 · ~n~S1 · ~v2~v1 · ~v2
+ 24~S1 · ~n~v1 · ~n~S1 · ~v1v22 + 18S21~v1 · ~n~v2 · ~nv22 − 36~S1 · ~n~S1 · ~v1~v2 · ~nv22 − 36~S1 · ~n~v1 · ~n~S1 · ~v2v22
+ 30v21~v1 · ~v2(~S1 · ~n)2 − 9v21v22(~S1 · ~n)2 + 30~v1 · ~v2v22(~S1 · ~n)2 − 6(~v1 · ~n)2(~S1 · ~v1)2
− 36S21v21(~v1 · ~n)2 + 24~v1 · ~n~v2 · ~n(~S1 · ~v1)2 + 12~S1 · ~v1~S1 · ~v2(~v1 · ~n)2 + 60S21~v1 · ~v2(~v1 · ~n)2
− 27S21v22(~v1 · ~n)2 − 6(~S1 · ~v1)2(~v2 · ~n)2 + 9S21v21(~v2 · ~n)2 − 6(~v1 · ~n)2(~S1 · ~v2)2
− 6(~S1 · ~n)2(~v1 · ~v2)2 − 21(~S1 · ~n)2v41 − 21(~S1 · ~n)2v42 + 90~v1 · ~nv21~v2 · ~n(~S1 · ~n)2
− 180~v1 · ~n~v2 · ~n~v1 · ~v2(~S1 · ~n)2 + 90~v1 · ~n~v2 · ~nv22(~S1 · ~n)2 + 60S21~v2 · ~n(~v1 · ~n)3
− 60~S1 · ~n~S1 · ~v1~v2 · ~n(~v1 · ~n)2 + 60~S1 · ~n~v2 · ~n~S1 · ~v2(~v1 · ~n)2 + 15v22(~S1 · ~n)2(~v1 · ~n)2
− 45S21(~v1 · ~n)2(~v2 · ~n)2 + 60~S1 · ~n~v1 · ~n~S1 · ~v1(~v2 · ~n)2 + 15v21(~S1 · ~n)2(~v2 · ~n)2
– 20 –
− 105(~S1 · ~n)2(~v1 · ~n)2(~v2 · ~n)2
]
+
G2C1ES2m
2
2
m1r4
[
9~S1 · ~v1~S1 · ~v2 − 10S21~v1 · ~v2 + 9S21v22 + (~S1 · ~v1)2 − 10(~S1 · ~v2)2
− 6~S1 · ~n~v1 · ~n~S1 · ~v1 + 32S21~v1 · ~n~v2 · ~n− 6~S1 · ~n~S1 · ~v1~v2 · ~n− 38~S1 · ~n~v1 · ~n~S1 · ~v2
+ 44~S1 · ~n~v2 · ~n~S1 · ~v2 − v21(~S1 · ~n)2 + 2~v1 · ~v2(~S1 · ~n)2 + 2v22(~S1 · ~n)2 − 36S21(~v2 · ~n)2
+ 24~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 6(~S1 · ~n)2(~v1 · ~n)2 − 12(~S1 · ~n)2(~v2 · ~n)2
]
− G
2m2
4r4
[
5S21v
2
1 + 4
~S1 · ~v1~S1 · ~v2 − 2S21~v1 · ~v2 − 3S21v22 − 8(~S1 · ~v1)2 + 4(~S1 · ~v2)2
+ 56~S1 · ~n~v1 · ~n~S1 · ~v1 + 6S21~v1 · ~n~v2 · ~n− 28~S1 · ~n~S1 · ~v1~v2 · ~n− 4~S1 · ~n~v1 · ~n~S1 · ~v2
− 20~S1 · ~n~v2 · ~n~S1 · ~v2 + 17v21(~S1 · ~n)2 − 22~v1 · ~v2(~S1 · ~n)2 + 3v22(~S1 · ~n)2 − 19S21(~v1 · ~n)2
+ 13S21(~v2 · ~n)2 + 54~v1 · ~n~v2 · ~n(~S1 · ~n)2 − 75(~S1 · ~n)2(~v1 · ~n)2 + 9(~S1 · ~n)2(~v2 · ~n)2
]
− G
2C1ES2m2
4r4
[
7S21v
2
1 + 2
~S1 · ~v1~S1 · ~v2 − 14S21~v1 · ~v2 + 8S21v22 − 2(~S1 · ~v2)2
− 2~S1 · ~n~v1 · ~n~S1 · ~v1 − 2S21~v1 · ~n~v2 · ~n− 4~S1 · ~n~S1 · ~v1~v2 · ~n+ 12~S1 · ~n~v2 · ~n~S1 · ~v2
− 25v21(~S1 · ~n)2 + 44~v1 · ~v2(~S1 · ~n)2 − 22v22(~S1 · ~n)2 + 5S21(~v1 · ~n)2 + S21(~v2 · ~n)2
− 6~v1 · ~n~v2 · ~n(~S1 · ~n)2 + 3(~S1 · ~n)2(~v1 · ~n)2 − 15(~S1 · ~n)2(~v2 · ~n)2
]
+
G3m1m2
14r5
[
S21 + 25(~S1 · ~n)2
]
+
8G3m22
r5
(~S1 · ~n)2 −
23G3C1ES2m1m2
28r5
[
S21 − 3(~S1 · ~n)2
]
− 21G
3C1ES2m
2
2
2r5
[
S21 − 3(~S1 · ~n)2
]
− 19G
3C1ES2m
3
2
4m1r5
[
S21 − 3(~S1 · ~n)2
]
+ (1↔ 2). (4.2)
The part linear in higher-order time derivatives is further split due to its length as
(1)
V = Va + VS˙ , (4.3)
where
Va = −
GC1ES2m2
16m1r2
[
8S21v
2
1~a1 · ~n− 16~v1 · ~n~S1 · ~v1~S1 · ~a1 + 16S21~v1 · ~n~v1 · ~a1 + 28S21~v1 · ~a1~v2 · ~n
+ 12~S1 · ~v1~a1 · ~n~S1 · ~v2 + 20~v1 · ~n~S1 · ~a1~S1 · ~v2 − 8~S1 · ~n~v1 · ~a1~S1 · ~v2 + 4~S1 · ~a1~v2 · ~n~S1 · ~v2
− 24S21~a1 · ~n~v1 · ~v2 + 20~S1 · ~n~S1 · ~a1~v1 · ~v2 − 24S21~v1 · ~n~a1 · ~v2 + 12~S1 · ~n~S1 · ~v1~a1 · ~v2
− 22S21~v2 · ~n~a1 · ~v2 + 4~S1 · ~n~S1 · ~v2~a1 · ~v2 + 13S21~a1 · ~nv22 − 6~S1 · ~n~S1 · ~a1v22 + 3S21v21~a2 · ~n
− 4~v1 · ~n~S1 · ~v1~S1 · ~a2 − 2~S1 · ~nv21 ~S1 · ~a2 − 10S21~v1 · ~n~v1 · ~a2 + 28~S1 · ~n~S1 · ~v1~v1 · ~a2
+ 12S21~v1 · ~n~v2 · ~a2 − 24~S1 · ~n~S1 · ~v1~v2 · ~a2 − 2~a2 · ~n(~S1 · ~v1)2 − 14~a1 · ~n(~S1 · ~v2)2
− 24S21~v1 · ~n~a1 · ~n~v2 · ~n+ 12~S1 · ~n~S1 · ~v1~a1 · ~n~v2 · ~n− 12~S1 · ~n~v1 · ~n~S1 · ~a1~v2 · ~n
− 12~S1 · ~n~a1 · ~n~v2 · ~n~S1 · ~v2 + 12~S1 · ~n~v1 · ~n~S1 · ~v1~a2 · ~n− 36~v1 · ~a1~v2 · ~n(~S1 · ~n)2
+ 42~v2 · ~n~a1 · ~v2(~S1 · ~n)2 − 3~a1 · ~nv22(~S1 · ~n)2 + 3v21~a2 · ~n(~S1 · ~n)2 − 42~v1 · ~n~v1 · ~a2(~S1 · ~n)2
+ 36~v1 · ~n~v2 · ~a2(~S1 · ~n)2 − 9S21~a2 · ~n(~v1 · ~n)2 + 6~S1 · ~n~S1 · ~a2(~v1 · ~n)2 + 9S21~a1 · ~n(~v2 · ~n)2
− 6~S1 · ~n~S1 · ~a1(~v2 · ~n)2 − 15~a2 · ~n(~S1 · ~n)2(~v1 · ~n)2 + 15~a1 · ~n(~S1 · ~n)2(~v2 · ~n)2
]
– 21 –
+
G2C1ES2m
2
2
m1r3
[
~S1 · ~n~S1 · ~a1 − 11S21~a2 · ~n+ 14~S1 · ~n~S1 · ~a2 − ~a1 · ~n(~S1 · ~n)2
]
+
G2C1ES2m2
r3
[
S21~a1 · ~n+ 2~a1 · ~n(~S1 · ~n)2
]
− G
2m2
r3
[
3S21~a1 · ~n− 3~S1 · ~n~S1 · ~a1 + S21~a2 · ~n− ~S1 · ~n~S1 · ~a2
]
+ (1↔ 2), (4.4)
and
VS˙ =
GC1ES2m2
4m1r2
[
4~v1 · ~n~S1 · ~v1 ~˙S1 · ~v1 − 4~S1 · ~˙S1~v1 · ~nv21 − 2~S1 · ~v1 ~˙S1 · ~v1~v2 · ~n
− 3~S1 · ~˙S1v21~v2 · ~n− 5~v1 · ~n~˙S1 · ~v1~S1 · ~v2 + ~˙S1 · ~nv21 ~S1 · ~v2 + 2 ~˙S1 · ~v1~v2 · ~n~S1 · ~v2
− 5~v1 · ~n~S1 · ~v1 ~˙S1 · ~v2 + ~S1 · ~nv21 ~˙S1 · ~v2 + 2~S1 · ~v1~v2 · ~n~˙S1 · ~v2 + 6~v1 · ~n~S1 · ~v2 ~˙S1 · ~v2
+ 20~S1 · ~˙S1~v1 · ~n~v1 · ~v2 − 5 ~˙S1 · ~n~S1 · ~v1~v1 · ~v2 − 5~S1 · ~n~˙S1 · ~v1~v1 · ~v2 − 2~S1 · ~˙S1~v2 · ~n~v1 · ~v2
+ 2 ~˙S1 · ~n~S1 · ~v2~v1 · ~v2 + 2~S1 · ~n~˙S1 · ~v2~v1 · ~v2 − 9~S1 · ~˙S1~v1 · ~nv22 + ~˙S1 · ~n~S1 · ~v1v22
+ ~S1 · ~n~˙S1 · ~v1v22 − 5~S1 · ~˙S1~v2 · ~nv22 + ~˙S1 · ~n~S1 · ~v2v22 + ~S1 · ~n~˙S1 · ~v2v22
+ 3 ~˙S1 · ~n~v1 · ~n~S1 · ~v1~v2 · ~n+ 3~S1 · ~n~v1 · ~n~˙S1 · ~v1~v2 · ~n+ 9~S1 · ~n~˙S1 · ~nv21~v2 · ~n
− 6 ~˙S1 · ~n~v1 · ~n~v2 · ~n~S1 · ~v2 − 6~S1 · ~n~v1 · ~n~v2 · ~n~˙S1 · ~v2 − 18~S1 · ~n~˙S1 · ~n~v2 · ~n~v1 · ~v2
+ 3~S1 · ~n~˙S1 · ~n~v1 · ~nv22 + 9~S1 · ~n~˙S1 · ~n~v2 · ~nv22 − 6~S1 · ~˙S1~v2 · ~n(~v1 · ~n)2
+ 15~S1 · ~˙S1~v1 · ~n(~v2 · ~n)2 + 3 ~˙S1 · ~n~S1 · ~v1(~v2 · ~n)2 + 3~S1 · ~n~˙S1 · ~v1(~v2 · ~n)2
− 15~S1 · ~n~˙S1 · ~n~v1 · ~n(~v2 · ~n)2
]
− G
2m2
r3
[
3~S1 · ~˙S1~v1 · ~n− 6 ~˙S1 · ~n~S1 · ~v1 − 5~S1 · ~n~˙S1 · ~v1 + 2~S1 · ~˙S1~v2 · ~n+ 2 ~˙S1 · ~n~S1 · ~v2
+ 2~S1 · ~n~˙S1 · ~v2 + 14~S1 · ~n~˙S1 · ~n~v1 · ~n− 6~S1 · ~n~˙S1 · ~n~v2 · ~n
]
+
G2C1ES2m2
2r3
[
12~S1 · ~˙S1~v1 · ~n− 4 ~˙S1 · ~n~S1 · ~v1 − 4~S1 · ~n~˙S1 · ~v1 − 10~S1 · ~˙S1~v2 · ~n
+ 3 ~˙S1 · ~n~S1 · ~v2 + 3~S1 · ~n~˙S1 · ~v2 − 16~S1 · ~n~˙S1 · ~n~v1 · ~n+ 16~S1 · ~n~˙S1 · ~n~v2 · ~n
]
− G
2C1ES2m
2
2
2m1r3
[
2~S1 · ~˙S1~v1 · ~n− 3 ~˙S1 · ~n~S1 · ~v1 − 3~S1 · ~n~˙S1 · ~v1 + 30~S1 · ~˙S1~v2 · ~n
− 19 ~˙S1 · ~n~S1 · ~v2 − 19~S1 · ~n~˙S1 · ~v2 + 8~S1 · ~n~˙S1 · ~n~v1 · ~n+ 16~S1 · ~n~˙S1 · ~n~v2 · ~n
]
+ (1↔ 2). (4.5)
The contribution with two higher-order time derivatives reads
(2)
V = −
GC1ES2m2
16m1r
[
8
(
2~S1 · ~v1~S1 · ~˙a1 − ~S1 · ~˙a1~S1 · ~v2 + ~S1 · ~n~S1 · ~˙a1~v2 · ~n
)
+ 2
(
8~S1 · ~v1 ~¨S1 · ~v1
− 8~S1 · ~¨S1v21 − 4 ~¨S1 · ~v1~S1 · ~v2 − 4~S1 · ~v1 ~¨S1 · ~v2 − 2~S1 · ~v2 ~¨S1 · ~v2 + 8~S1 · ~¨S1~v1 · ~v2 − 29~S1 · ~¨S1v22
+ 4v21S¨
2
1 + 4~v1 · ~v2S¨21 + 12v22 S¨21 − 8~S1 · ~¨S1~v1 · ~n~v2 · ~n+ 4 ~¨S1 · ~n~S1 · ~v1~v2 · ~n
+ 4~S1 · ~n~¨S1 · ~v1~v2 · ~n− 6 ~¨S1 · ~n~v2 · ~n~S1 · ~v2 − 6~S1 · ~n~v2 · ~n~¨S1 · ~v2 + ~S1 · ~n~¨S1 · ~nv22
– 22 –
+ 13~S1 · ~¨S1(~v2 · ~n)2 − 4~v1 · ~n~v2 · ~nS¨21 − 3~S1 · ~n~¨S1 · ~n(~v2 · ~n)2
)
+
(
2~S1 · ~a1~S1 · ~a2 + 13S21~a1 · ~a2
+ 16(~S1 · ~a1)2 + 3S21~a1 · ~n~a2 · ~n− 2~S1 · ~n~S1 · ~a1~a2 · ~n− 2~S1 · ~n~a1 · ~n~S1 · ~a2
+ 15~a1 · ~a2(~S1 · ~n)2 + 3~a1 · ~n~a2 · ~n(~S1 · ~n)2
)
+ 4
(
8 ~˙S1 · ~v1~S1 · ~a1 + 8~S1 · ~v1 ~˙S1 · ~a1
− 16~S1 · ~˙S1~v1 · ~a1 − 4 ~˙S1 · ~a1~S1 · ~v2 − 4~S1 · ~a1 ~˙S1 · ~v2 + 8~S1 · ~˙S1~a1 · ~v2 − 3 ~˙S1 · ~v1~S1 · ~a2
− 3~S1 · ~v1 ~˙S1 · ~a2 + 13~S1 · ~˙S1~v1 · ~a2 − 6~S1 · ~˙S1~v2 · ~a2 + 8~v1 · ~a1S˙21 − 2~a1 · ~v2S˙21
− 8~S1 · ~˙S1~a1 · ~n~v2 · ~n+ 4 ~˙S1 · ~n~S1 · ~a1~v2 · ~n+ 4~S1 · ~n~˙S1 · ~a1~v2 · ~n− 5~S1 · ~˙S1~v1 · ~n~a2 · ~n
− ~˙S1 · ~n~S1 · ~v1~a2 · ~n− ~S1 · ~n~˙S1 · ~v1~a2 · ~n+ 3 ~˙S1 · ~n~v1 · ~n~S1 · ~a2 + 3~S1 · ~n~v1 · ~n~˙S1 · ~a2
+ 7~S1 · ~n~˙S1 · ~n~v1 · ~a2 − 6~S1 · ~n~˙S1 · ~n~v2 · ~a2 + 2~a1 · ~n~v2 · ~nS˙21 + 3~S1 · ~n~˙S1 · ~n~v1 · ~n~a2 · ~n
)
− 2
(
8S˙21v
2
1 + 8 ~˙S1 · ~v1 ~˙S1 · ~v2 − 8S˙21~v1 · ~v2 + 29S˙21v22 − 8( ~˙S1 · ~v1)2 + 2( ~˙S1 · ~v2)2 + 8S˙21~v1 · ~n~v2 · ~n
− 8 ~˙S1 · ~n~˙S1 · ~v1~v2 · ~n+ 12 ~˙S1 · ~n~v2 · ~n~˙S1 · ~v2 − v22( ~˙S1 · ~n)2 − 13S˙21(~v2 · ~n)2
+ 3( ~˙S1 · ~n)2(~v2 · ~n)2
)]
+
G2C1ES2m
2
2
2m1r2
[(
~S1 · ~¨S1 + ~S1 · ~n~¨S1 · ~n
)
+
(
S˙21 + (
~˙S1 · ~n)2
)]
+
G2C1ES2m2
r2
[(
S¨21 − 4~S1 · ~n~¨S1 · ~n
)
− 4( ~˙S1 · ~n)2
]
− G
2m2
2r2
[
3S˙21 − 5( ~˙S1 · ~n)2
]
+ (1↔ 2). (4.6)
Finally, several terms with three higher-order time derivatives appear in the potential as well,
(3)
V = −
GC1ES2m2
8m1
[
4~v2 · ~n
...
S21 +
(
13~S1 · ~¨S1~a2 · ~n− 7 ~¨S1 · ~n~S1 · ~a2 − 7~S1 · ~n~¨S1 · ~a2
− ~S1 · ~n~¨S1 · ~n~a2 · ~n
)
+
(
13S˙21~a2 · ~n− 14 ~˙S1 · ~n~˙S1 · ~a2 − ~a2 · ~n( ~˙S1 · ~n)2
)]
+ (1↔ 2). (4.7)
As explained in [16], since this potential contains higher order time derivatives of the variables,
the EOM, which are derived from it via a variation of the action, also contain higher order
time derivatives, which must be eliminated, using lower order EOM. In a forthcoming work we
are going to reduce these higher order time derivatives at the level of the potential, following
the procedure of redefinition of variables, outlined in [29, 37], where it was extended for spin
variables in [29]. We are going to provide the EOM, and to transform this potential to a
Hamiltonian, from which gauge-invariant relations for the binding energy can be obtained in
a straightforward way. These relations are of great value for refining, for instance, the EOB
Hamiltonian, and the gravitational waveforms derived from it.
5 Conclusions
In this work we derived for the first time the NNLO spin-squared interaction potential for
generic compact binaries via the EFT for gravitating spinning objects in the PN scheme,
which was formulated in [16]. This correction, which enters at the 4PN order for rapidly
rotating compact objects, completes the conservative sector up to the 4PN accuracy. This
high level of PN accuracy is necessary in order to detect gravitational waves. The robust-
ness of the EFT for gravitating spinning objects is shown here once again, as was already
– 23 –
demonstrated in [16, 18, 22], which obtained all spin dependent sectors, required up to the
4PN accuracy, and was initiated at the NNLO level in [21, 29]. The EFT of spinning objects
allows to directly obtain the EOM from the potential via a proper variation of the action
[16, 29], and to obtain corresponding Hamiltonians in a straightforward manner [16]. In a
forthcoming paper we are going to derive these for the NNLO spin-squared potential obtained
in this paper.
The spin-squared sector is an intricate one, as it requires the consideration of the point
particle action beyond minimal coupling, and involves mainly contributions with the spin-
squared worldline couplings, which are quite complex, compared to the worldline couplings,
that follow from the minimal coupling part of the action. Yet, there are also contributions
to this sector, involving the linear in spin couplings, as we go up in the nonlinearity of the
interaction, and in the loop order. Thus, there is an increase in the number of Feynman
diagrams and in complexity with respect to the NLO, which is even more excessive than
that, which occurs in the spin1-spin2 sector [16, 21, 30]. We have here 64 diagrams, of which
more are higher loop ones, where we have 11 two-loops, and tensor integrals up to order 6.
The application of the “NRG” fields [31, 32], and the gauge choices of the EFT for gravitating
spinning objects [16] then help to render the computations more efficient. Lastly, we checked
most of the computations, using Mathematica.
Finally, it should also be noted, that the relation between the Wilson coefficients, ap-
pearing in this sector, and in [18], required for generic compact objects at the 4PN accuracy,
and the multipole moments used in numerical codes, e.g. [38–40], as well as the relation with
the Geroch-Hansen multipoles for black holes [41, 42], should be worked out via a formal
EFT matching procedure. Clearly, this involves subtleties [39], and is left for future work.
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